THEOREM A. -Let (M, g) be a real analytic riemannian manifold with constant scalar curvature. Then, there exists an Einstein manifold (M, g) (which may be non-complete) such that (M, g} is isometrically imbedded into (M, g) as a totally geodesic hypersurface.
This Theorem means also that there exist many examples of totally geodesic Einstein hypersurfaces in Einstein manifolds. But, if we assume that (M, g) is complete (or compact), the situation changes drastically. In fact, we will show the following.
THEOREM B. -Let (M, g) be a totally umbilical Einstein hypersurface in a complete Einstein manifold (M, g). Then the only possible cases are: (a) g has positive Ricci curvature. Then g and g have constant sectional curvature; (b) g has negative Ricci curvature. IfM is compact or (M, g) is homogeneous, then g and g have constant sectional curvature; (c) g and g have zero Ricci curvature. If (M, g) is simply connected, then (M, g) decomposes as (M, g) x R, where (M, g) is a totally geodesic hypersurface in (M, g) which contains (M, g).
Remark that Theorem C holds locally even if(M, g) is not complete. Next, let (M, g) be an orientable minimal hypersurface in an orientable manifold (M, g). By Corollary 3.6.1 in Simons [II] , if g has positive Ricci curvature, then there is no orientable compact stable minimal hypersurface in (M, g). By a similar method, we will show. Combining with Theorem C, we will get. Remark that we do not assume in Theorem A, B, C that (M, g) is complete. The paper is organized as follows: In 1, we derive some fundamental formulae and prove Theorem D. In 2, we consider the real case and prove Theorem A and Theorem B. In 3, we consider the Kahler case and prove Theorem C and Corollary E. The author would like to express his sincere gratitude to Professors J.-P. Bourguignon and R. Michel. Theorem A is an answer to a question of R. Michel and Corollary E is a generalization of a remark of J.-P. Bourguignon.
Preliminary and propositions
Let (M, J) be an Einstein manifold of dimension n +1 ^ 3 and M a hypersurface in (M, g) with induced metric g. In this paper, riemannian manifolds are not assumed to be complete, unless otherwise stated. The second fundamental form a is given by: Then, the Ricci tensor r of (M, g) is given by:
where r is the Ricci tensor of(M, g), p, is the mean curvature defined by p, = tr a, and a 2 and §a are defined by:
Since ^ is an Einstein metric, i.e., r=eg for some real number e, we see that:
(1.1.a) ^r+o^-Ha+P,
(1.1.c) ^=trp, and so:
where M is the scalar curvature of (M, g). Thus it is easy to check the following. Proof. -By (1.1. b), 0 = d tr (fg) + § (/^) = (n -1) ^ so / is constant. Since ^ = nf and tr y 2 =nf 2 , the latter half is obvious by (1.2).
Q.E.D.
N. KOISO
Without any further property of (3, we cannot proceed any more. To answer the question "What is the meaning of P?" we consider a one-parameter family of hypersurfaces in (M, g). Denote by i and i\ the mappings: M x R -> M and M -> M, defined by:
Then there is an open set R of M x R containing M x {0} such that g^ = i* g is a riemannian metric on {xeM; (x, r)eR}. We identify M with its image R (locally) and we see that g^+dt 2 coincides with g. In fact, N extends as the vector field d/dt, whose integral curves are geodesies in (M, g), and:
where we identify XeT^M with the vector field along the geodesic i^(x) defined by X (^ (x)) = i^ X. We derive the relation between g', g" and a, P, where / means the derivative with respect to t:
Here, ^(D^ N, N)=0 and ^(D^ N, X)= -a(X, Y). Thus we get:
The Einstein equation becomes:
We conclude that:
Remark that these equations hold on R, where r, tr, ( ) 2 , 5 and u are defined by g^. We shall solve this equation in 2.
Before developing this equation, we point out some facts related to Proposition 1. Assume that M is compact without boundary and that i' o is a stable minimal immersion. (Here, stable means: the second derivative of volume is non-negative for any variation.) Then, if the unit normal vector field N is globally defined on M:
where Vg denotes the volume element of g. By (1.3) and (1.4), we see that:
Here, tr a 2 + e= ne-u by (1.2), and we get: 
Moreover, ife=0, then u=Q and (M, g) is totally geodesic.
Proof. -The integral inequality is obvious. If e= 0, then uVg ^ 0. But Proposition 1 JM implies M^O, so u=0. Then the equality in Proposition 1 holds, so (M, g) is totally geodesic.
Q.E.D. Proof of Theorem D. -It is obtained as a corollary of Proposition 3.
Remark 4. -In Theorem D, if M is simply connected, then the assumption that M is orientable is not necessary. In fact. Lemma 4.5 and Theorem 4.6 in Hirsch [8] says that all compact hypersurfaces in a simply connected manifold are orientable.
Solution of (1.5) -real case
Consider equation (1.5). Theorem 5.2 in DeTurck and Kazdan [6] says that all Einstein metrics are real analytic with respect to harmonic coordinates. This implies that the solution of (1.5) is unique for given initial data Q=QQ and g'=h, as long as g^ is positive definite. Moreover, we get the following global uniquness property. 
-(t!(l) 2 =(n-l)e-u. Then, there exists an Einstein manifold (M, g) with r=eg in which (M, g) is imbedded as a hypersurface with second fundamental form a.
Proof. -There exists a unique real analytic solution g^ of (1.5. a) with initial data QQ = g and gQ=-2a. We must check that this solution satisfies (1.5.b) and (1.5.c). By standard tensor calculus, we see using (1.5. a) that:
+4u-4(n-l}e).
Thus analyticity implies that (1.5. b) and (1.5. c) hold for all t.
Q.E.D.
Proof of Theorem A. -In the above Proposition, set a=0 and e==u/(n-l).
Remark 7. -In the situation of Theorem A, the change t-> -t of the parameter t preserves the solution. Therefore there is an isometry of (M, g) of order 2 such that all points of M are fixed.
Let Qt be an analytic solution of (1.5) with initial data QQ = g and go = h. If the metric gt+dt 2 on R does not extend to a complete metric, for example, if the sectional curvature of gt+dt 2 diverges for t -> ^ fhen we see that (M, g) cannot be immersed in any complete Einstein manifold as a hypersurface with second fundamental form a = -(1 /2) h. We apply this method to a family gt=f(t) 2 go where go is an Einstein metric and f(t) is a positive function of t such that /(0)= 1. Let this family g^ be a solution of (1.5). Then:
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From now on, we will omit t for simplicity. Since the Ricci tensor is invariant under multiplication by a scalar factor: r=ro=eogo=eof~2g,
where CQ is the Ricci curvature of go. As a result, (1.5. c) becomes:
Further (1.5. a) becomes:
Equation (2.2) reduces to (2.1), except in the case where / is constant. We get the following solutions. 
(2.3.c) If e<Q, then: ___ f(t)= \{n/4e) exp (±^-e/n(t-{-C))+(eo/(n-l)) exp (^^-e/n{t+C))\.
Therefore, if(M, g) is an Einstein manifold and if(M, go)
is an Einstein manifold which is isometrically immersed into (M, g) as a totally umbilical hypersurface, then g is locally isometric with /(0 2^o + rf^ where f(t) is one of the solutions (2.3). In fact, since the equation expressing that a hypersurface is totally umbilical is elliptic, (M, go) is analytically immersed into (M, g). Now, we check completeness of the metric g=f(t) 2 
By these formulae, we see that g has constant sectional curvature if and only if go has constant sectional curvature. From now on, we assume that (M, g} extends to a complete Einstein manifold, which we denote by the same symbol (M, g). Proof. -Without loss of generality, we may assume that/(r) converges to oo for t->co. Let B be the closed ball with center xeM and radius r in (M, go), where r is sufficiently small so that B is compact. By assumption, there exists to such that/ (r) r > D for allt^to. Then for all t>to+D, Bx(^oo)(c=M) contains the closed ball B, with the center (x, QeM and the radius D in (M, g). By (2.4), (2.5) and (2.6), the sectional curvature of(M, g) at thepoint (y, t) converges uniformally in B to e/n for t-. oo. Thus the sectional curvature of (M, g) is constant, since: 
Real hypersurfaces of a Kahler-Einstein manifold
In the general situation, we saw in Theorem A that we cannot get much information on (M, g), even if(M,^)isa totally geodesic hypersurface in an Einstein manifold (M, g}. But if(M, g) is a Kahler-Einstein manifold, the Gauss-Codazzi equations give more information on (M, g). Let (M, g) be a totally umbilical real hypersurface in a Kahler-Einstein manifold (M, g}. By Proposition 2, the second fundamental form oc is expressed as ai=ag for some real number a. Then, the Codazzi equation and formula (1.1 .a) become: Denote by J the almost complex structure of(M, g) and set H =JN. In equation (3.1), if X is orthogonal to H, then JX is tangent to M, and we see that: 
